PICARD GROUP, CARTIER DIVISORS AND TORICS
The moun aoal of Wus tolk is fo introcuce Picarol grovp.
Weil ohvisors amd Carher odlivisors omol proof that vl-l?wa are
Octmally  egual for sonme scheumes

§'f PcaRD GROUP
Let (X,0,) be o scheme.

= (X)_.z{ismwor Wism classes of wd&
< inverhble sheaves on X opera lnon ®

First we will recoll what are inverhble sheoves. There ove +wo
equuvalent oeAruhons :

"_Cal-e.aow’c.o.l“ debnihon : Isomorpiism classes of Cx-moclules form
a monoid with respect to Yensor prooduct. The idx.nh'-ha element
is Ox. Inverhble sheof is an inverbble element in Bis monoid.

=> L is inverhible if IMe@-Mod st. L& M=0x
Or equuvalenty - LB,L" — O, where LY:Hom(L, @) is an iso

'Geometric’ definihon: Invertble sheoves are loc.a.lla free
O, ~modules of ronk 1.

Line bumdles

For sheaves of Binide pres. these delinihions are eguavolent :
t=" Suppoa J:@@‘Hg@g for somme M. We con look ot stolles
Lo, N 20
Since. Oy,  locol ving amal M:C, is of Ginite presentolhion we can use
Corrolony of Mahagamo whach says that in Pus case
£x2 Oy, . Tharefore L is loc.aﬂy free of romle 1



'¢=" Suppose & is locolly free of ramle 1 Then Re dual LY is alco
lac.alla free of romlk 4.
IF £1,20, un L= Homy, (0, 4,)% @,
= ﬁ@{"lug@“@% ¥ @,
Therefore LY is e inverse of L.

Examples of Pcavd qrovps:
- Pc(Ptw)? 2: inveriivle sheoves for P"(L) are th twisking
Shaves m) with grovp operdlhon
Otr) &, Tlm) = Otn+m)

~Re(5pec Q) where O is e ing of inkegers for algebroic
hum'oer Reld IK | is $he ool class grovp
de /R = frockionol ioleals /principol frachional iolals

= for K=Q(F) : PelSpecOc) ¥ 2/22



¢ DIVISORS

The idta of duvisors Cowmes Erom Complex am]a ~
A divisor on a compact Rieman surfac X isa Bndde

linear combinahon of points (codirmension 1 submanifolds) it

ihkger' coehaents.

We can olso define dlvisor of meyomorphic fumelion

> Meromorphuc fumcehion : holomeorghie fumclion except for o
Set of isolatedl points. |nM+cvel-a it is a rohio of +wo holomorpinc
funchions ’c/g.

~» We con look at 2eros amd poles of reronorphac furchions.

eros are just 2evos of € amd poles are zeros of g-

THM: If £ is o nuvorworpe fumchon on nbhd of 2. 4Bun
Were exists an inkggr n st (2-2,)"F(2) is holomorphic
omol nonzero in & nbhd of 2, If n>0 WRen 20 s & Pole
of ordur n_|f n<© +%un 2, is o 2ero of orday In)

= The auvisor of nonzevo meromorphic fumchon £ is def. as
(F):=Z orol,F)p

where orol (£) for zevos is {fer dugree, for poles minus ou.ercc

= Divisors of ¥Re form (F) are callect Pn’yac&ml olvisors

$2 WEIL DIVISORS

Al schevaes are considereol NoetRenan.

Weil cuvisors comes from e idea of divisor as Lineor comb.
of cooirension 1 closeol subspoces.

Note: {x3 is of coddimension 4 if omd Onla if_Olim O, = 4. We. will
Wen souy that x is point of coaumension 7.

Defintion 2.1.: Let X be o Noethunan integrol scheme . Wel
davisor is & Formal Hnide sum

£= erx hx [x]
wwhere N, €N omol x is point of codimension 1.



-2 Weil duvisors form o group wih pointwise odldlikion olenotedl 21

cac.lc.

Sulopor-l-
Supp &
cooimension 1

Z21(x)
—> Mozno’ pridot Lemma 2.5.

Example / Definution 2.3,
Let X be normal Noet®eran schere, with geweric point y omd
K(x) = Oy~ te field of rahional fumchions on X.
Than for a point xe X of codimension 4 e (O, is DVR

~locol Noeifwwriom ring, normal amdl of dimension 1
We have Froc((g,,) = KX). Therefore tRere s 0 normafized votmohon
mop: mult, : K(X)*— 2 associatedl to (O
Let FEK(X) be 0 nonzevo rolonal funmction , un we set

(€): 2 oty (£)Cx]

xe X, Olim Uy =1

Thais is Wedl cuvisor (we con prove that s sum mustk be Hinvte), Such

divisor is calleol principal davisor.
As mult, is oolouhive, we have (Fa)aff-‘)fta),'l&na form subgroup of Z1

Delfinition 2.4.
Let X be 00 normal Noetbwnon schevae. We denclte e Wh'cy.{.. of
21(x) ba He Sulgroup of principal dlivisors bua C2AUX)




Example 2.5.
Let p be o pnme amd consioler
X = Spec20xy1/(xy =p)
This is flot, inlegrol, 2-olimensional schume oOver SpecZ:.
Since oim X =2, Weil olvisors are Linar combinokon of cooliasnsion - 1
Subschavaes, i.€. Curves.
Every curve in X is either ¥ closure of o closedl point in e 9ehenic
fiber or o irreducible component of some speciol #ber

= Gevuric Glore (Fiber over genevic point (0)<2)
Xg'=X® Spec@ = Spec RLx.y1/ txy-p) = Spec RCx, X" I =6, 2

=> Speciol Giber (Kber over dosed point (P)SZ)
+ R2p x'.:z== X&Sp&ﬁ ?Specﬁl:x,a]/(xa -0) ¥ 6, 7
P Xe, ==X$@Spec'ﬂ$ 2 Spec Flz Cx,y 3/ (xy -p) & Specl [z, 3 /(xy)
=> It is reducible, it hos two irreducible componunts - cross

—— | — || —

—_——0
— —

§3 CARTIER DIVISORS

Note: A ﬁn%.FeA is collect regulor element if its not o 2zer divisor.
"'"B&'n% requlor is equuvolent of being regular in every
localizahon — Bein% regular is local pProperyy
We olenote RA) 8u (nuiiplicolhve) grovp of regulor elenunts.
We oenote Froc (A) :=RAT'A



Definthon >.A1.
Let (x,0%) ke o schuvme. We can oefine 0 sheaf
R (W) :={ae ) aeRW,), ¥xe Ul

= Clearly R) RO, (). For U ofbine eqma&% holds

Definition 3.2,

We ole Fne FI"CSIM.O-F of alacbms ?( t.oh-l-onnma bﬂ ﬂ:llowmg
property : for Oruy open subset U of X we have X, cw -:R,((w O ().
(In parhcular for U offine Ky (W) = Froc (Olw))

Debnihon 3.3.

Ky is 482 sheafifcalion of XK, colleol sheaf of stollks of meromorphic
fumclhions. Elenunt of Ke(x) is called meromorphic fumchion. We
cenocte he Subsheaf of inverhible elements of M by K.

Definilhion 3.4.

Let X be o scheme. We dencte e group Ho(x, X% /0 = K/} (x) by Div (x),
elewuents of Divix) are colled Corher ohvisors on X,

Let Fe HOX, X3) ¥ KX (X), its imoage in Div(x) is colledl principal Carher divisor
omol denocted by oliv(f).

The grove law on Div(X) is noted oodou In'velva. We say at two Carver olivisors
are Iimr‘lla equuvalent if D, =D, is principal.

Corvier divisor D is colleol effechive if it is in +the ima& of e cononicol mop

mop H'(X,D,,n ‘K:) - H’tx,x;/v;). We Pun wnie D20 or DEDiv, (X).



,‘Similarla. two saskms {(&;,F;J.'i, {(VJ'QJ]JE represent e Some Cordier
OWvisor if €. omol %i ol Pfer by mulWplicahve factor in Oc(U:nV; )",

- We denote b:a CaCl(x) o group of iSonorphusm closses  of
 Coarver ouvisors moolulo e Livear equui volence relahon.

| The sum of two Corher oivisors D,+D, is represenved ba [f‘b;n\fé ,F';aj);d-i
."Pn'hc-;pal divisor can be represenicd ba (x,£)3
_Therefore principol divisors ove 0gaxin the ones Coming frovn fumcdions

Effecive Carber ohivisor D con le representeo by 1(u; £);3 Fe0 (u;).
[\ We can Oefne om idkal soaf Ty < O oy

ID \e = £ (’Kl'u;
On U;nU; we have
: & s s x . : - M
F‘Oxl‘u;nud—u'd'ﬁcok|u;qz‘j%@&]hinua Since 'u,‘ecg‘cu.ﬂud) -

=2 local ioals agree _omal 3&". to o globoal Shaf

lac.o.ha deGned Iaa one_elewaent =) it is Quaasi - colevent
,‘Evona Quadsi- colerent subsiuaf of icols on (2, corresponds fo closed
| Subschwewe of (2,
|Consicer now $Re map :

O o= Onta

W is o bijechon: * Surjechive by delrhion
| : ihdec,\rivg since £; is non - 2evodlvisor (vzegulav)
_=> Locally free of romle 1 => Inverbible sheaf of O ~noolules
| Therefore  we con equavalently deine effechive Corher duvisors as
 Defwnition 3.5
 An effechive Corlier OUvisor on schuwae X is 0 Closed subschevur D€ S
_wwose idkwal shaf Ly €Oy is an invertible (- moolule.

¥ s alse lo:all: Prin&‘pal closed suoschuvme of S - closed Subschinae
L twhwose shaf of idrals is loc.all-a ac.mmka b-a Single element.



Example
We. will consider e projechive schtme R'.

"We glur two affine £ il L4 +
9 o affine Z'me O Spec +5f@.] &« x Sf:fc.kfx.]

by associoking x amol ta""" \_//L Gmy A'x,k
V=4 l l
9 .
d r

We would like +o ae-l' O as o spakca]&-’ IP\;J‘-——P IF,’:
Vanish,;na locms of abobal regular

fumchon. Unfordunately Ho (X, ') =k so ¥is is not possible.
But we com get o Carkier ovisor wivh Ha's [roperty.

It is aoing to e represente by {(u,x), (v, g"]j.



§ 4 How ALL OF THEM COMNECT
First we loole ot connechion of Carbier obivisors amal Fearol group

Similarly as for effecvive ohvisors we can Construct for Oney
Carvier olivisor O Suo- (9, ~meodlule (0, (D)< Ky delineot by
O D)y, =F" Oulup

Clearly inolepenolent of the choice of e represenling SHSkm anol
wWe see that it is inver kble shewaf.
In us notalion D is effechive iFF O,(-D) =1y €0,.
'B-a deGnihon e map P D —(0O.(D) is adouhve

e(Dy +D,) = O (DO (D,) & Ox (D)) B, O.(D,)

Theorem b.1.
Let X be reducedl Noetfienan scheme , ¥n Waere is an isomorphism
Clealx) — RelX)




Now we wont +o look ot relohon of Weil oma Corder ohvisors

Let x e locally Moethevian schema, x point of codimension 1.
For DeDivix) represended ba F/a ot x (os elenmunt of (1&:/@;)*)
we can odefine whot is muit, (D) os e lenght of O~ wmoolmle
Osex /0y minus lenght of O, /90 . Which in s seling will be

o;lwa-a s Phmide

Twis Should represent mlhp&‘oﬂv of 2evos/poles of dus D as fumehon

Thus we con define
0122 mut,@)[x) €2'(x)
Which 3;"“;&:“5&;‘;"" homormorphism
Div(x) = 2'(x), D— (D]

which sendls effeclhive odavisors +o posihve ovcles.

'Pro!oo.sih'Oh 4.2,
Let X be pormal NoeHunon Scheme
* Let+ FeK(X)"=H%x, K*). Than Weil divisor (£)€2' coincidis wivh

e imoae of prncipal Olvisor oliv(f).



* The homonorphsm Div(x) = 2'(x) is injechive amdl induces
an injechive hWomoworphism  CaCl(x) — Cl(x)

Boposition 4.3.

Let X be ¢ NoetReron reaula\r ini-c%ml (omd hence normal) schevas .

Thwen W homomorphasms
Divix) — 2%x), CoCl(x) — CI(X)

Gre {Scamrph;sms.

§5 ConceLusioN

. . CaCl(x)
(i€ X Moettun
mgu\w ihk;\f:i| ) ﬁ/ \-‘j'l (if x recnceol NoedRenon )

Cl(x) Picex)



